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We consider discrete-time quantum walks of many interacting particles. For a specific kind of
pairwise interaction, we find peculiar multipartite bound states which fall apart if any subsystem
is removed. This provides a conceptually simple physical model of structures known as Borromean
rings. Interestingly, our approach highlights the role of entanglement in such systems. In order to
form a Borromean bound state, the particles need to exhibit Greenberger-Horne-Zeillinger (GHZ)
entanglement. Moreover, we discuss our findings in the context of formation of composite particles.
Introduction. Borromean state is a bound state of
three quantum particles that falls apart if one particle
is removed. Its name originates from Borromean rings,
a peculiar construction that holds together due to a gen-
uine tripartite arrangement, see Fig. 1. No two elements
are directly connected – it requires a triple to make a
stable structure. A generalization of this concept to n
elements is known as an n-component Brunnian link [1].
The physical origin of Borromean states is quite coun-
terintuitive. Most common multipartite compounds arise
due to pairwise interactions and one would expect that
if suddenly one particle is removed, the pairwise interac-
tion between the remaining particles should keep what is
left together. However, in some situations pairwise inter-
actions may not lead to a formation of bipartite bound
states (dimers), but at the same time allow for a for-
mation of tripartite bound states (trimers). The most
known example is the Efimov state [2], a bound state
of three identical bosons that, apart from its Borromean
binding, exhibits scale invariance in a sense that there ex-
ists an infinite sequence of tripartite bound states whose
scattering lengths and energies follow a geometric pro-
gression.
Even though Borromean states are believed to occur
in many areas of quantum physics, it is not easy to ob-
serve them in natural conditions. It took 35 years to
experimentally verify the existence of Efimov states in
an ultracold gas of caesium atoms [3] (for a review see
e.g. [4]). It is therefore important to search which exper-
imentally implementable systems can be used to observe
Borromean states. In particular, to better understand a
mechanism behind the formation of Borromean bonding
it is essential to study their emergence in simple dynam-
ical systems, the simpler the better.
In this work we investigate Borromean states in
discrete-time quantum walks (DTQWs) [6, 7], a basic
model of quantum particle-dynamics that is known to
simulate a broad range of physical phenomena and was
already implemented on many experimental platforms
(for a review see [8–11]). To this end, we allow the par-
ticles in one-dimensional DTQW to interact and form
bound states. In general, interaction makes quantum
FIG. 1: To disconnect Borromean rings (a), one of them needs
to be cut apart (c). Borromean compound (b) breaks down
when a particle is removed (d).
walks hard to treat analytically even in the case of only
two particles [12–14]. However, our model features Bor-
romean states that can be determined exactly.
Interestingly, it turns out that these states need to ex-
hibit Greenberger-Horne-Zeilinger (GHZ) [15] type of en-
tanglement between the internal degrees of freedom of
the particles. Such entanglement is genuinely multipar-
tite and is very sensitive to particle losses, which can be
considered a Borromean property [16, 17]. This provides
an intuitive link between the properties of particles’ cor-
relations and their dynamics. We further explore this
connection from the point of view of formation of multi-
partite composite bosons [18, 19].
Multipartite interacting DTQW. We consider a quan-
tum walk describing the movement of N distinguishable
particles on a one-dimensional lattice. Their positions
are denoted as x = (x1, . . . , xN ), where xi ∈ Z. The par-
ticles move left or right according to their internal degree
of freedom ci ∈ {←,→}, called coin. The total state of
such a system is then
|ψ〉 =
∑
xi,ci
αx1,...,xN ,c1,...,cN |x1, c1〉 ⊗ . . .⊗ |xN , cN 〉
≡
∑
x,c
αx,c |x, c〉. (1)
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2Its unitary evolution proceeds in discrete steps
|ψt+1〉 = UN |ψt〉 = S⊗NC(x)|ψt〉, (2)
where S is a conditional translation that shifts the posi-
tion of each particle according to its coin
S|xi,→〉 = |xi + 1,→〉, S|xi,←〉 = |xi − 1,←〉 (3)
and C encodes the bipartite interaction present in our
model. We choose an interaction model in which the
only moment C is different from identity is when two, or
more, particles meet. Intuitively this means that parti-
cles travel in one direction without dispersion until they
meet. Only then the interaction occurs and the direction
of their movement changes. Physically this may corre-
spond to a dense quantum gas in which the average time
between particle collisions is much shorter than the time
it takes a single-particle wave packet to disperse. More-
over, many classical cellular automata that simulate mul-
tipartite scatterings are based on the same assumption
[20].
For any pair of particles the action of C is given by
C(xi, xj) =
{
1 c ⊗ 1 c if xi 6= xj ,
Gij(ϕ) else
, (4)
where 1 c is the identity on the coin space and
Gij(ϕ) = 1 c ⊗ 1 c + (eiϕ − 1)|+〉〈+| ⊗ |+〉〈+|. (5)
In the above |+〉 = (|→〉 + |←〉)/√2 and the subspaces
in tensor products correspond to the ith and jth particle.
Notice that the operator Gij(ϕ) is a generalized Grover
operator [21], whose standard form corresponds to ϕ = pi.
From now on we assume that ϕ 6= 0, as in that case
Gij is trivial and cannot lead to any Borromean states.
Finally, we would like to notice that the operator (4) can
be modified to include more complex dynamics when the
particles are apart. For example, for xi 6= xj one could
choose C(xi, xj) = H ⊗ H, where H is the Hadamard
operator. We will briefly discuss such a possibility at the
end of this work.
Applying the definition (4) to a multipartite case we
see that if N particles share the same position, the op-
erator C(x) implements a sequence of N(N−1)2 general-
ized Grover operations. As all these operations commute,
their order does not matter. For instance, if three par-
ticles indexed by i, j and k are at the same position,
the total interaction is a product of three bipartite terms
Gij(ϕ)Gik(ϕ)Gjk(ϕ).
Borromean states. We are going to look for bound
states of N particles. Such states are often associated
with low energies. However, we cannot rely on this in-
tuition, as the evolution of our system is discrete and
the energies are defined only up to the multiples of some
constant. Instead, we will use the following dynamical
criterion: the particles in a bound state should move col-
lectively in one direction. Moreover, they should also
share the same position as we want the molecular bind-
ing to originate from the interaction. Such a state is of
the form
d−1∑
x=0
|x, . . . , x〉 ⊗ (βx|→, . . . ,→〉+ γx|←, . . . ,←〉), (6)
in which the coin subspace is in an N-partite GHZ state.
In the above we assumed x = 0, 1, . . . , d− 1 and periodic
boundary conditions. Since the evolution operator UN
commutes with translation, we can assume that the state
(6) is its eigenvector. This means that βx =
ei
2pi
d
kx
√
d
β and
γx =
ei
2pi
d
kx
√
d
γ, where k = 0, 1, . . . , d − 1. Therefore, the
sought bound eigenstates, if present, must be of the form
|χk〉 = 1√
d
(
d−1∑
x=0
ei
2pi
d kx|x, . . . , x〉
)
⊗ |GHZN 〉, (7)
where |GHZN 〉 = β|→, . . . ,→〉+γ|←, . . . ,←〉. Note that
(7) should satisfy
|〈χk|UN |χk〉| = 1. (8)
Using the definitions (2)-(5) and eq. (7) the above be-
comes ∣∣∣∣∣∣〈GHZN |Pk
∏
j<l
Gjl(ϕ)
 |GHZN 〉
∣∣∣∣∣∣ = 1, (9)
where
∏
j<lGjl(ϕ) is a sequence of generalized Grover
operators for all N(N−1)2 pairs of particles and
Pk = e
−i 2pikd |→, . . . ,→〉〈→, . . . ,→|
+ ei
2pik
d |←, . . . ,←〉〈←, . . . ,←|. (10)
A solution to (9) exists only for N = 2, 3, 4 and k =
0, d/2 (for the details see part A of the supplemental
material). More precisely, for N = 2 the solution exists
for an arbitrary ϕ and β = −γ. For N = 3 the solution
exists for ϕ = 2pi3 and β = γ. Finally, for N = 4 the
solution exists for ϕ = 2pi3 and β = −γ.
We fix ϕ = 2pi3 and define
|dimr〉 = 1√
d
(
d−1∑
x=0
(−1)rx|x, x〉
)
⊗ |GHZ−2 〉, (11)
|trir〉 = 1√
d
(
d−1∑
x=0
(−1)rx|x, x, x〉
)
⊗ |GHZ+3 〉, (12)
|quar〉 = 1√
d
(
d−1∑
x=0
(−1)rx|x, x, x, x〉
)
⊗ |GHZ−4 〉,
(13)
3where |GHZ±N 〉 = 1√2 (|→, . . . ,→〉 ± |←, . . . ,←〉) and
r = 0, 1. Each of these six symmetric states is a product
of two GHZ states: one of qudits from the position space
and one of qubits from the coin space. They could de-
scribe the states of two, three, and four bosons. Finally,
they are bound states, since all particles stay together,
though their center of mass is completely delocalized.
To prove the Borromean properties of |trir〉 and the
Brunnian ones of |quar〉, we still need to show that they
are no longer bound after a particle is removed from
them. The resulting mixtures
ρtri2 =
1
2d
d−1∑
x=0
∑
c=←,→
|x, x, c, c〉〈x, x, c, c| (14)
and
ρqua3 =
1
2d
d−1∑
x=0
∑
c=←,→
|x, x, x, c, c, c〉〈x, x, x, c, c, c|, (15)
are clearly not the eigenstates of U2 and U3. Moreover,
we will show below that they are not bound, as the par-
ticles split during the evolution.
A crucial observation is that once the coin opera-
tor produces a state in which one of two (or one of
three) particles goes in a different direction, say |→,←〉
(or |→,→,←〉), the group splits during the conditional
translation and will never reunite (in the d → ∞ limit).
In other words, once the particles leave the subspace
given by the projector Π2 = 2d ρ
tri
2 (or Π3 = 2d ρ
qua
3 ),
they cannot return. As a result, the relevant evolution
operators are V2 = Π2U2 and V3 = Π3U3. These opera-
tors are contracting, i.e., the moduli of their eigenvalues
λ are less or equal one (for details, see part B of the
supplemental material). To check whether the particles
stay together, we need to find the overlap between ρtri2
(or ρqua3 ) and the eigenvectors for which |λ| = 1. This
is straightforward since we already proved that the only
eigenvectors that satisfy the above condition are (11) and
(12). As 〈dimr|ρtri2 |dimr〉 = 12d = 〈trir|ρqua3 |trir〉, the
particles in ρtri2 and ρ
qua
3 must split during the evolution.
Deviation from ideal setting. The above Borromean
and Brunnian states exist only for ϕ = 2pi3 . Let us in-
vestigate a more realistic scenario in which we deviate
from this value. In particular, we consider the probabil-
ity that the initial state |tri0〉 remains unchanged after
t steps p(ϕ, t) = |〈tri0|V t3 |tri0〉|2. Since the position de-
grees of freedom can be factored out, the problem reduces
to the evaluation of a 2× 2 expression
p(ϕ, t) =
∣∣∣∣∣(1/√2 1/√2)
(
h g
g h
)t(
1/
√
2
1/
√
2
)∣∣∣∣∣
2
=
∣∣∣∣ei3ϕ + 34
∣∣∣∣2t , (16)
2.05 2.10 2.15
φ
0.2
0.4
0.6
0.8
1.0
p(φ,t)
FIG. 2: Plot of p(ϕ, t) for t = 1 (blue), t = 10 (orange),
t = 100 (green) and t = 1000 (red).
where g = 18
(−1 + eiϕ)2 (2 + eiϕ) and h =
1
8
(
4 + 3eiϕ + ei3ϕ
)
. The corresponding two-dimensional
space is spanned by the coin states |→,→,→〉 and
|←,←,←〉. The above implies that for small pertur-
bation the state |tri0〉 can persist long enough to be
analyzed in a potential experiment, see Fig. 2.
Borromean composite bosons. As already mentioned,
symmetric states (12) and (13) may describe a bound
state of three and four identical bosons, respectively. No-
tice that as the evolution operator UN is also symmetric,
our model can be applied to bosonic systems. Below
we show that because of their GHZ entanglement, these
states fulfill a necessary condition for describing a single
composite boson introduced in [18]. This complements
the results obtained in [19], where it was proven that 2N
fermions must be genuinely multipartite entangled to be-
have as a single composite boson. Moreover, we highlight
another Borromean property – if a single elementary bo-
son is removed from a composite particle, the compound
loses its bosonic character. We focus on the state |tri0〉,
but the results for the other states are analogous.
Let a†x,c create a boson at position x with a coin state
c. The state |tri0〉 can be rewritten as
|tri0〉 = 1√
3!
1√
2d
d∑
x=1
∑
c=←,→
a†3x,c|0〉, (17)
where |0〉 is the vacuum state. Next, define an operator
b† =
1√
3!
1√
2d
d∑
x=1
∑
c=←,→
a†3x,c, (18)
which creates a single composite particle with the inter-
nal structure formed by the positions and coin states of
individual bosons. In other words, b†|0〉 = |1〉 = |tri0〉.
Let us also introduce a state of N composite particles
|N〉 = b
†N
√
BNN !
|0〉, (19)
4where BN is a normalization constant that reflects a de-
viation from a perfect bosonic behavior. It was proven
in [18] that if BNBN−1 → 1, creation and annihilation op-
erators of a composite particle reproduce bosonic lad-
der structure, i.e., b†|N〉 = √N + 1|N+ 1〉 and b|N〉 =√
N |N− 1〉. In particular, if b† creates a perfect com-
posite boson, we need to have B2B1 = B2 = 1 (note that
by definition B1 = 1). Therefore, our goal is to find
B2 =
1
2
〈0|b2b†2|0〉. (20)
By evaluating the norm of b†2|0〉 (see part B of the sup-
plemental material) we obtain
B2 = 1 +
9
2d
. (21)
The above value depends on d, which is directly con-
nected with the amount of GHZ entanglement. In the
limit of infinite entanglement (d → ∞) the value of B2
goes to one, therefore the necessary condition for being
a composite boson is met. In the supplemental material
we also argue why in the limit of infinite entanglement
BN
BN−1
→ 1 should hold for all N .
Next, imagine that a single boson is removed from our
composite particles. The state |1〉 becomes ρ1 = ρtri2 and
the state |2〉 becomes
ρ2 =
1
2B˜2(4d)2
2d∑
i,j=1
a†2i a
†2
j |0〉〈0|a2ja2i , (22)
where B˜2 is a new normalization constant. This time we
get
B˜2 =
1
2
+
1
2d
, (23)
hence in the limit d → ∞ the value of B˜2 goes to 12
and does not meet the necessary condition for describ-
ing a composite boson. As a result, removing a single
boson from the multi-bosonic system described by |tri0〉
makes the whole system lose its collective bosonic prop-
erty. This is yet another manifestation of this state’s
Borromean nature.
Summary. In this work we have investigated a multi-
partite quantum walk with Grover-like interaction. De-
spite its simplicity, the model exhibits complex dynamics.
Our main result consists in showcasing the existence of
three- and four-partite Borromean states – bound states
that fall apart when particles are removed from the sys-
tem. Interestingly, their formation requires genuine mul-
tipartite entanglement of the GHZ type.
These states can also be interpreted in terms of com-
posite particles. From this perspective, their Borromean
character manifests itself in the fact that the compos-
ite particle consisting of three and four bosons loses its
bosonic character whenever one of its elementary parti-
cles is removed. Thus, our work demonstrates the cru-
cial role of the structure of multipartite entanglement
between internal degrees of freedom of particles in the
creation of Borromean composite bosons.
Finally, our bound states are also the eigenstates of the
evolution operator resulting from replacing the identities
in the definition (4) with any qubit operators (for in-
stance Hadamard operators commonly used in quantum
walks). However, it is not obvious if these states remain
Borromean, as the new evolution may allow the parti-
cles to reunite after splitting. Nevertheless, numerical
simulations suggest that this is not likely and the whole
compound tends to fall apart when a single particle is
removed.
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SUPPLEMENTAL MATERIAL
A Derivation of Borromean bound states
As argued in the main text, to find Borromean bound
states we need to investigate the condition∣∣∣∣∣∣〈GHZN |Pk
∏
j<l
Gjl(ϕ)
 |GHZN 〉
∣∣∣∣∣∣ = 1, (24)
where
|GHZN 〉 = β |→, . . . ,→〉+ γ |←, . . . ,←〉, (25)∏
j<lGjl(ϕ) is a sequence of generalized Grover operators
for all N(N−1)2 pairs of particles (j, l = 1, . . . , N) and
Pk = e
−i 2pikd |→, . . . ,→〉〈→, . . . ,→|
+ ei
2pik
d |←, . . . ,←〉〈←, . . . ,←|. (26)
First, we introduce a useful notation
|1〉 = |→〉+ |←〉√
2
, |0〉 = |→〉 − |←〉√
2
. (27)
Next, consider 2N states which we label by binary se-
quences
|α〉 = |α1, α2, . . . , αN 〉, (28)
where αi = 0, 1. Every sequence corresponds to a tensor
product of N states, each being either |0〉 or |1〉, see (27).
It is easy to verify that
Gjk(ϕ)|α〉 = ei(αjαk)ϕ|α〉. (29)
Thus∏
j<k
Gjk(ϕ)|α〉 = exp [iϕ
∑
j<k
αjαk]|α〉 = einlϕ|α〉, (30)
where nl =
(N−l)(N−l−1)
2 and l is the total number of
zeros in the bit string α.
Then, we rewrite the |GHZN 〉 state as
|GHZN 〉 =
N∑
l=0
ηl|l〉, (31)
where |l〉 is a normalized even superposition of Nl =
N !
(N−l)!l! states corresponding to all bit strings of length
N with exactly l zeros and
ηl =
√Nl
(
β − γ(−1)l)
2
N
2
(32)
is the corresponding probability amplitude. This means
that ∏
j<k
Gjk(ϕ)|GHZN 〉 =
N∑
l=0
ηle
inlϕ|l〉. (33)
It is also useful to introduce
〈GHZ(k,ϕ)N | = 〈GHZN |Pk
∏
j<l
Gjl(ϕ)
 = N∑
l=0
η∗l,ke
inlϕ〈l|,
(34)
where
η∗l,k =
√Nl
(
e−i
2pik
d β∗ − ei 2pikd γ∗(−1)l
)
2
N
2
. (35)
The equation (24) takes form∣∣∣〈GHZ(k,ϕ)N |GHZN 〉∣∣∣ = 1. (36)
It is easy to see that∣∣∣〈GHZ(k,ϕ)N |GHZN 〉∣∣∣ ≤ N∑
l=0
|η∗l,kη| (37)
=
∣∣∣|β|2e−i 2pikd + |γ|2ei 2pikd ∣∣∣ ≤ 1.
Combining (36) and (37) we see that einlϕ needs to be
the same for all l for which η∗l,kηl is nonzero and k ∈
{0, d/2}. These conditions are very restrictive. Notice
that η∗l,kηl can be zero only if β = ±γ. The two situations
correspond to superpositions of bit strings with only even
or odd number of ones. Moreover, since nN = nN−1 = 0,
we must have einlϕ = 1 for all l for which ηl is nonzero.
The above implies that (36) can be satisfied only for N =
2, 3, 4. More precisely, (36) is satisfied if k = 0 or k = d/2
and by
|GHZ−2 〉 =
1√
2
(| →,→〉 − | ←,←〉) (38)
for an arbitrary ϕ,
|GHZ+3 〉 =
1√
2
(| →,→,→〉+ | ←,←,←〉) (39)
for ϕ = 2pi3 ,
|GHZ−4 〉 =
1√
2
(| →,→,→,→〉 − | ←,←,←,←〉) (40)
for ϕ = 2pi3 .
B Evolution of two particles
Here we will discuss the dynamics of two particles un-
der the projected evolution operator V2 = Π2U2. Let us
6start by making the following ansatz
|k〉2 = 1√
d
(
d−1∑
x=0
ei
2pi
d kx|x, x〉
)
⊗(ak| →,→〉+bk| ←,←〉),
(41)
where k = 0, 1, . . . , d−1. It is easy to see that due to the
translational symmetry of the position state the eigen-
value problem V2|k〉2 = λk|k〉2 reduces to the following
2× 2 problem(
he−i
2pi
d k ge−i
2pi
d k
gei
2pi
d k hei
2pi
d k
)(
ak
bk
)
= λk
(
ak
bk
)
, (42)
where g = 18 (−3+i
√
3) and h = 1+g. The corresponding
eigenvalues are
λk,± = h cos
(
2pi
d
k
)
±
√
g2 − h2 sin2
(
2pi
d
k
)
. (43)
There are only two eigenvalues with modulus one, namely
λ0,− = 1 and λd/2,+ = −1. They correspond exactly to
|dimr〉 = 1√
d
(
d−1∑
x=0
(−1)rx|x, x〉
)
⊗ |GHZ−2 〉 (44)
with r = 0, 1.
Although |dim0〉 and |dim1〉 are the only cases that will
not split at all, one can also ask how long the particles
would remain together in other states. This depends on
the norms of all the eigenvalues (43) presented in Fig.
(3) in the limit d→∞. The shape of these distributions
implies that for a large number of steps t there will be
only a finite number of eigenvectors whose contributions
cannot be neglected. In particular, this means that the
state
ρtri2 =
1
2d
d−1∑
x=0
∑
c=←,→
|x, x, c, c〉〈x, x, c, c| (45)
vanishes as t and d go to infinity.
C Composite bosons and the normalization factor
The goal is to find
B2 =
1
2
〈0|b2b†2|0〉, (46)
hence we need to evaluate the norm of
b†2|0〉 = 1
(3!)2d
2d∑
i,j=1
a†3i a
†3
j |0〉, (47)
where for simplicity we introduced a convention a†x,c = a
†
i
and i is an index that runs through all {x, c} pairs. Since
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FIG. 3: Plot of the norm of λk,+ (solid) and λk,− (dashed).
a†i and a
†
j commute, the above can be rewritten as
b†2|0〉 = 1
(3!)2d
2∑
i<j
a†3i a
†3
j +
2d∑
i=1
a†6i
 |0〉
=
1
d
∑
i<j
|3i, 3j〉+
√
6!
(3!)2d
2d∑
i=1
|6i〉, (48)
where |3i, 3j〉 is the Fock state representing three par-
ticles in mode i and three particles in mode j, whereas
|6i〉 represents six particles in mode i. The corresponding
norm is
2B2 =
2d− 1
d
+
10
d
= 2 +
9
d
. (49)
Let us also provide an argument why BNBN−1 → 1 should
hold for all N . Notice that for d N the vector b†N |0〉 is
dominated by the terms in which the triples of elementary
bosons occupy different modes. In this case
b†N |0〉 ≈ N !
(2d)N/2
∑
i1<...<iN
|3i1, . . . , 3iN 〉. (50)
The corresponding norm is
N !BN ≈ (N !)
2
(2d)N
(2d)!
N !(2d−N)! . (51)
Therefore,
BN
BN−1
≈ 2d−N + 1
2d
≈ 1. (52)
Finally, let us find the normalization constant B˜2 of
the state
ρ2 =
1
2B˜2(4d)2
2d∑
i,j=1
a†2i a
†2
j |0〉〈0|a2ja2i . (53)
7Notice that
2B˜2ρ2 =
1
(4d)2
2d∑
i,j=1
a†2i a
†2
j |0〉〈0|a2ja2i (54)
=
2
(4d)2
2d∑
i<j
a†2i a
†2
j |0〉〈0|a2ja2i +
1
(4d)2
2d∑
i=1
a†4i |0〉〈0|a4i ,
Then, it is straightforward to evaluate
2B˜2 =
1
(4d)2
(8d(2d− 1) + (4!)d) = 1 + 1
d
. (55)
